INTRODUCTION
For building frame design, it is useful to consider various frame systems in order to compute the possible motions and the rigidity of the framework. Simple models are useful for involving the interaction of different structural elements of the systems. The analysis of simpler preliminary design gives useful input for more complicated three-dimensional structure. Polyhedra have investigated engineers and scientists for centuries. Several definitions of polyhedra can be found in the literature. They have often been defined as solids. Cauchy, however, considered a polyhedron as a set of rigid faces connected by revolute joints [1] . In this sense every convex polyhedron, is rigid. The first correct proof of this fact was given by Dehn [2] , that uses the results of Legendre [3] and Cauchy [1] . A non-convex polyhedra can be, on the contrary, flexible, e.g. Connelly found some non-rigid polyhedra in his paper [4] . On the other hand, the extensive class of nonconvex zonohedra considered by Dolbilin is also rigid [5] . If the polyhedron is defined as bar-and-joints framework and the faces are triangulated with added rods, than almost all framework is rigid [4, 6] . By definition, a zonohedron is a convex polyhedron where every face is a polygon with point symmetry. (Any zonohedron may equivalently be described as the Minkowski sum of a set of line segments.) We consider a zonohedron as a bar-and-joint framework (the edges correspond to bars, while the vertices correspond to joints, contrary to Cauchy and Dolbilin; where the faces are rigid, and they are connected by revolute joints, as mentioned earlier) with the following assumption. The polygonal faces can move such that the faces remain planar and centrally symmetric, (hence the faces there are not rigid in our frameworks). These frameworks, the so-called "zonohedra with special faces" (ZSF in the following) are mechanisms. In this paper we introduce and study bracing of a ZSF. The flexibility of a ZSF will be characterized by vectors, representing equivalence classes of a ZSF. We can make the frameworks rigid using some diagonal braces. We conclude a theorem for the braced zonohedra that provides necessary and sufficient condition for the rigidity of the framework. We also give a real mechanical construction based on simple elements. We note that similar constraints of polyhedron frameworks was considered in [7] [8] [9] [10] . The models used to describe the motions of a framework are based on results of onedimensional and two-dimensional rigidity analyses, respectively. In [11] the Authors use the concept of "zonohedra with articulated faces (ZAF)" as alternative the special assumption used in [7] .
INFINITESIMAL RIGIDITY OF THE FRAMEWORK

Rigidity and infinitesimal rigidity of bar-and-joint frameworks
The position of the joints X and Y are denoted by p(x), p(y). Definition 2.1: The framework is rigid if every continuous motion of its vertices which preserves the lengths of all edges, also preserves the distances between all pairs of vertices. The concept of rigidity and infinitesimal rigidity are closely related. In space the infinitesimal motion q of a bar-and-joint framework F(p) is a map q: R 3 →R Fig.1 . The bar XY between joints X and Y is perpendicular to the difference of the infinitesimal motion vectors in the case of an optimal bar i.e. the bar lengths and bar joint incidences must be preserved. The p(X) and q(X) denote the position and the infinitesimal displacement of X respectively We can determine the infinitesimal rigidity of a bar-and-joint framework by Maxwell as a rank condition of the rigidity matrix. In case of a cubic framework (Fig.2) we consider the equation system, which describes the possible infinitesimal motion of the joint of the cubic framework. Clearly, the number of the equations is less than the number of variables. One of its reasons is that there are too few bars in the framework, the other reason is some rigid body like motion. Infinitesimal rigidity was most exactly investigated and described in [12, 13] . In some special cases, like ours will be, we can work with graph or matroid theoretical models. Their advantage is, that using them we obtain very fast and effective algorithms for determining the rigidity of the frameworks [14] [15] [16] . The rigid body motions of the framework are referred to trivial infinitesimal motions. Definition 2.2: An F(p) bar-and-joint framework is infinitesimally rigid if it has the trivial infinitesimal motions, only.
Infinitesimal flexibility of bar-and-joint framework
A framework is called infinitesimally flexible if the system of equation above has a subspace of solutions of more than six dimensions, since the rigid body like motions form a six dimensional subspace. In statics not even infinitesimal motions inside our framework are allowed. E.g. a square with two diagonals as braces is rigid in space but not infinitesimally rigid. Having fixed three joints the fourth joint can move infinitesimally in a direction that is perpendicular to the plane of the square (we disregard that the diagonal elements intersect each other).
Good characterization of bar-and-joint framework
We can characterize infinitesimal rigidity better than the rigidity of a framework. In [14] Bolker and Crapo gave a graph theoretical model for square grid frameworks. In this paper we give a similar model for zonohedron. Important results for periodic framework bracing with diagonal bars can be found in [16] [17] [18] [19] [20] [21] .
Some other results [22] [23] [24] [25] [26] [27] are also useful to show the wide applicability of the concept and are also connected to our investigations. We note that in an earlier work the planar characterization of rhombic frameworks was solved [10] . Fig.3 . In the middle figure we can distinguish the two equivalent classes of a planar rhombic tiling framework, the parallel grey edges form two equivalent classes, the nearly horizontal one and the nearly vertical one are in different classes. On the left the representing vectors are collected. As generalization, on the right side, we introduce a zonohedron; its horizontal (left-right) edges form the same equivalence class.
CHARACTERIZATION OF THE MOTION
Motion of the rhombic tiling framework
Define equivalence relation between the bars. The opposite bars in the rhombic tiling are equivalent. The bars in the same equivalence class can move only parallel to each other i.e. these bars remain parallel to each other while moving. If we use diagonal braces in such a rhombus, which has sides from two different equivalence classes, then the vectors of the two classes can rotate only together. In Figure 3 , in the middle we can observe grey lines. They consist of those segments that are between rods, which are in the same equivalence class. These lines determine some sequences of parallelograms: the so-called de Bruijn lines or Conway worms or ribbons [17] .
Motion of the ZSF
In the ZSF the opposite bars of faces are equivalent. The bars, that are in the same equivalence class can move parallel to each other. The condition of central symmetry does not guarantee planar faces; a skew square is a counter-example. Therefore, to postulate planarity of the faces is important. If we use diagonal braces that form a triangle with two more bars from different classes, then the vectors of the two classes can move only together. The condition of the planarity is not sufficient for the central symmetry, for instant the hexagonal prisms can be counter-example, its regular hexagonal faces can move to a not central symmetrical planar hexagon. Therefore the planarity and central symmetry of the faces are both important.
THE RIGIDITY OF THE ZSF
Auxiliary framework
Define the auxiliary framework to ZSF as follows: the joints of the auxiliary framework correspond to the heads of vectors H i that represent one of the equivalent classes E i of the ZSF and let O be the origin of the coordinate system. There are bars between the origin O and heads of vectors H i , and there are bars H i H j between joints H i and H j, if there exists a diagonal brace between the corresponding equivalent classes of the ZSF. 
Characterization of the motion ZSF
We have been given a method to decide flexibility of ZSF with some bracing elements. With it, the description of the exact nature of motions of the braced ZSF with parallelogram faces becomes possible, which is a new family of mechanisms. If we allow faces with more than four sides, then we have to study the planarity of these faces. In this case, the vectors in auxiliary frameworks would not be independent. We plan to investigate this problem in a future work.
The rigidity of graph G ZSF
The node N i of the graph G ZSF of the ZSF corresponds to the head H i of the representation vectors. There is an edge N i N j between two nodes N i , N j of graph G ZSF if there is a diagonal brace between the two connected bars that correspond to different equivalent classes of the ZSF. The nodes of G ZSF on Figure 4 are the head of the vectors and the only edge is the purple one. If the vectors of the auxiliary framework are in generic position then the next conjecture holds. Conjecture: A braced ZSF with parallelogram faces for which the vectors in auxiliary framework are in generic position (algebraically independent over rational numbers) is infinitesimally rigid if and only if the corresponding graph is generically rigid in R 2 .
A CUBIC ZSF BUILDING IN THE CAD
The construction for planarity and central symmetry
Firstly, we describe the construction of the more-than four side faces with some further elements in the ZSF that makes them coplanar. Their bars are planar originally, and the opposite bars of the faces are parallel. Then we can subdivide the more-than four sided faces to rhombi or generally parallelograms. The subdivision of polygons (or of the plane) are studied in [27] [28] [29] [30] [31] [32] from many aspects. The papers [29, 30] deal with edge-to-edge decompositions, or subdivision of a centrally symmetric convex (2k)-gon into centrally symmetric convex pieces.
In our case the edge length of the subdivision is the same as the length of the edges of polygons. A subdivision of a hexagonal framework can be seen in Fig. 5 . The three new bars connect every second joint of the six sided polygon face to a common joint, which is placed into the center of the six sides face of the ZSF.
The construction of the cube ZSF
We give a CAD construction of the cube ZSF based on two simple elements in Figure 5 . On the right hand side we can see the two different types of elements that were used to construct the ZSF. Similar construction of the polyhedral frameworks was considered by Laliberté and Gosselin in [11] .
CONCLUSIONS
In this paper, the flexible ZSF was considered. We gave a theorem that gives a necessary and sufficient condition for the rigidity of the braced ZSF with parallelogram faces. A mechanical implementation or model of ZSF could be constructed or printed by 3D printers on the base of a CAD model.
We could answer to the question for the case parallelogram faces ZSF-s, that was asked in [11] : What is the characterization of the mobility or just the infinitesimal motion of the braced (with diagonals), or the non-braced parallelogram faces ZSFs.
Our results are useful for involving the interaction of different structural elements of the systems. The analysis of motions and rigidity of ZSF gives useful input for more complicated three-dimensional structure. Our model should be able to useful the behavior of subframes and their effects on the overall structures. In [33] [34] [35] various structural schemes for tall building construction are given. The structures some of them objects, without bracing elements, are regarded as zonohedra.
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